, 1 ∈ X . Here we study when this norm inequality attains equality in strictly convex Banach spaces.
Introduction
The (generalized) triangle inequality, namely,
where (X · ) is a normed linear space over the real or complex field K and , ∈ {1 2 }, are vectors in X , plays a fundamental role in establishing various analytic and geometric properties of such spaces. For results related to this inequality and the relevant topics (for example, the Dunkl-Williams inequality) see [2-7, 9, 10, 14-19] .
In [8] and [13] two results on intermediate values of the triangle inequality were presented. They were generalized in [11] with a result which characterizes all intermediate values of the triangle inequality. In this paper we slightly modify the statement and present a simpler proof for it. Moreover we study when this new norm inequality attains equality in a strictly convex Banach space. Let ≥ 2. Take any = ( ) in L . For any elements 1 2 in a normed linear space X , the following inequality holds:
In [11] , the above theorem was established for 1 ( ) = 1 , 1 ≤ ≤ , which values do not influence (1) . We made a modification in order to consider the equality attainability in (1) in a particular space.
Simple proof of Theorem 1.1
In this section, we present a simpler proof of Theorem 1.1. We would need the following lemma.
Lemma 2.1.
Let ≥ 2 and = ( ) ∈ L . Take with 1 ≤ ≤ . For each with ≤ ≤ , the following identity holds:
Proof. We shall prove this lemma by induction on . If = , then
Now if we assume that, for each with + 1 ≤ ≤ ,
then we have
Thus, by induction on , we obtain the lemma.
Proof of Theorem 1.1. For each 1 ∈ X and = ( ) ∈ L , the following equations hold:
}. Thus, applying the (generalized) triangle inequality, we have
Equality attainability in a strictly convex Banach space
In this section, we consider inequality (1) in a strictly convex Banach space.
Lemma 3.1 (cf. [1, Problem 11.1]).
Let (X · ) be a strictly convex Banach space. For 1 ∈ X , the following assertions are equivalent: 
Proposition 3.3.
Let ≥ 2 and = ( ) in L . For 1 in a strictly convex Banach space X , the equality
holds if and only if either I = ∅ and J = ∅ or, for each ∈ {1 }, the following assertions hold:
Proof. Let 
(⇐) Assume that there exist positive real numbers α and real numbers β such that = α 0 , ∈ J, 0 ≤ ∈J α ( )+ β and (7) holds. Since = α 0 for all ∈ J, it is clear that (4) Next, we consider the case J = ∅ for = ( ) ∈ L . In this case we note that = 1. Take = ( ) ∈ L with = 1 for all ∈ {1 }. Then we see that
Thus it is clear that, for each 1 in a normed linear space X , (3) always holds. Thus we are interested in the case = 1 for some ∈ {1 − 1}. However, generally it is complicated. We give the following special case. Therefore, by Proposition 3.3 (ii), the proof is completed.
As a corollary of Theorem 3.6, we can get [12, Theorem 3.7] .
Corollary 3.7 ([12, Theorem 3.7]).
For all nonzero elements 1 in a strictly convex Banach space X with 1 > 2 > > , the equality 
